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FLAT VECTOR BUNDLES AND OPEN COVERINGS
HUITAO FENG1 AND WEIPING ZHANG2
Abstract. We establish a generic counting formula for the Euler number of a flat
vector bundle of rank 2n over a 2n dimensional closed manifold, in terms of vertices
of transversal open coverings of the underlying manifold. We use the Mathai-Quillen
formalism to prove our result.
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0. Introduction
By the celebrated Gauss-Bonnet-Chern theorem [3] and its ramifications, if a real
vector bundle F of rank 2n over a 2n dimensional closed smooth manifold M admits
a flat connection preserving certain Euclidean metric on F , then the Euler number of
F vanishes: 〈e(F ), [M ]〉 = 0, where e(F ) is the Euler class of F . Milnor [8] constructs
examples of rank two flat vector bundles over a closed surface of genus g ≥ 2 such that
the corresponding Euler number is nonzero. A closely related question is the famous
Chern conjecture on the vanishing of the Euler characteristic of a closed affine manifold
(cf. [5]).
Our original motivation is to understand the Chern conjecture by using the Mathai-
Quillen formalism on the geometric construction of the Thom class [7]. While our efforts
[4] on proving the Chern conjecture in this way is not successful, we find that our method
1 Partially supported by NSFC (Grant No. 11221091, 11271062, 11571184).
2 Partially supported by NSFC (Grant No. 11221091).
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2leads us to a kind of mystic counting formula for the Euler number of a flat vector bundle
in terms of transversal open coverings of the underlying manifold. The purpose of this
paper is to present this mystic formula.
This paper is organized as follows. In Section 1, we present the exterior algebra
version of the Mathai-Quillen formalism, which allows us to avoid the usual difficulty in
computing the Euler class that the connection in question need not preserve any metric
on a given vector bundle. In Section 2, we prove our main result, which is stated as
Theorem 2.4 in Section 2.1.
1. An exterior algebra version of the Mathai-Quillen formalism
In this section, we present an exterior algebra version of the Mathai-Quillen formalism
[7]. That is, we replace the spinor bundle considered in [7] by the exterior algebra bundle.
This gives a formula for the Euler class for an arbitrary connection on a Euclidean vector
bundle.
Let pi : E → M be a real oriented vector bundle of even rank over a closed oriented
manifold M . Let ∇E be a connection on E. Then it induces a connection ∇Λ∗(E∗) on
Λ∗(E∗), which preserves the Z2-splitting Λ
∗(E∗) = Λeven(E∗)⊕ Λodd(E∗).
Let gE be a Euclidean metric on E. For any Z ∈ E, let Z∗ ∈ E∗ be its metric dual.
As usual (cf. [10, Section 4.3]), let c(Z) be the Clifford action on Λ∗(E∗) defined by
c(Z) = Z∗ ∧ −iZ ,(1.1)
where Z∗∧ (resp. iZ) is the exterior (resp. interior) multiplication of Z∗ (resp. Z). Then
c(Z)2 = −|Z|2gE .(1.2)
Let A be the superconnection [9] on pi∗Λ∗(E∗) defined by
A = pi∗∇Λ∗(E∗) + c(Z),(1.3)
where c(Z) now acts on (pi∗Λ∗(E∗))|Z such that for any α ∈ Λ∗(E∗), then
c(Z) ((pi∗α) |Z) = (pi∗(c(Z)α))|Z .(1.4)
By (1.2) and (1.3), exp(A2) is of exponential decay along vertical directions of E.
Theorem 1.1. The closed form
(
1
2pi
)rk(E) ∫
E/M
trs[exp(A
2)] on M is a representative of
e(E)
Â(E)2
, where e(E) is the Euler class of E and Â(E) is the Hirzebruch Â-class of E.
Proof. By the Chern-Weil theory for superconnections (cf. [1, Proposition 1.43]) and the
above mentioned exponential decay property of exp(A2), we see that the cohomology
class represented by
∫
E/M
trs[exp(A
2)] does not depend on the choice of ∇E and gE.
Thus, we may well assume that ∇E preserves gE. Then one can follow the strategy in
[7].
3In fact, since the computation is local, one may well assume that E is spin. Then
one has the following decomposition (cf. [6]) in terms of the (Hermitian) spinor bundle
S(E) = S+(E)⊕ S−(E) associated to (E, gE),
Λ∗(E∗) = (S+(E)⊕ S−(E)) ⊗̂
(
S∗+(E)⊕ S∗−(E)
)
,(1.5)
and c(Z) now acts on (pi∗S(E))|Z . Moreover, ∇Λ∗(E∗) decomposes to ∇S(E) ⊗ IdS∗(E) +
IdS(E) ⊗ ∇S∗(E), where ∇S(E), ∇S∗(E) are the induced Hermitian connections on S(E),
S∗(E) respectively.
From (1.3) and (1.5), one gets
trs
[
exp
(
A2
)]
= trs
[
exp
((
pi∗∇S(E) + c(Z))2)] · trs [exp ((pi∗∇S∗(E))2)] .(1.6)
By [7, Theorem 4.5], one has
(√−1
2pi
) rk(E)
2
trs
[
exp
((
pi∗∇S(E) + c(Z))2)] = (−1) rk(E)2 det(sinh (pi∗RE/2)
pi∗RE/2
) 1
2
U,
(1.7)
where RE = (∇E)2 and U is the Thom form constructed in [7, (4.7)].
By [6, Proposition III.11.24], one has that
ch
(
S∗+(E)− S∗−(E)
)
=
e(E)
Â(E)
.(1.8)
By (1.6)-(1.8) and [7, Theorem 4.10], which integrates U along vertical fibers, one sees
that
(
1
2pi
)rk(E) ∫
E/M
trs[exp(A
2)] is a representative of e(E)
Â(E)2
. 
Corollary 1.2. If rk(E) = dimM , then the following identity holds,
〈e(E), [M ]〉 =
(
1
2pi
)rk(E) ∫
E
trs
[
exp
(
A2
)]
.(1.9)
2. A counting formula for the Euler number of flat vector bundles
In this section, we formulate and prove a generic counting formula for the Euler number
of a flat vector bundle in terms of transversal open coverings.
This section is organized as follows. In Section 2.1, we present the basic setting and
state our main result as Theorem 2.4. In Section 2.2, we present an application of
Corollary 1.2 to the special case of flat vector bundles. In Sections 2.3-2.5, we prove
Theorem 2.4.
42.1. Flat vector bundles and the counting formula. Let pi : F → M be a real
oriented flat vector bundle of rank 2n over a 2n dimensional closed oriented manifold M .
Let ∇F denote the underlying flat connection on F . Then there is a finite collection of
open coordinate charts {(Uα, (xiα))} (α = 1, · · · , N),1 covering M , such that ∇F induces
over each Uα a canonical identification
F |Uα ≃ Uα ×R2nα .(2.1)
For any Uα, we fix a coordinate system (y
i
α) of R
2n
α . Then over Uα ∩ Uβ, (yiα) and (yiβ)
transform to each other constant linearly. Moreover, the horizontal exterior differential
and the vertical exterior differential
dH =
∑
i
dxiα
∂
∂xiα
, dV =
∑
i
dyiα
∂
∂yiα
(2.2)
on F |Uα do not depend on α, and we have the decomposition of the exterior differential
on the total space F of F such that
d = dH + dV(2.3)
and that (
dH
)2
=
(
dV
)2
= dHdV + dV dH = 0.(2.4)
Without loss of generality, we assume that each Uα has a smooth boundary ∂Uα and
that the ∂Uα’s intersect to each other complete transversally. We call such an open
covering of M a transversal open covering.2 Then any point on M lies on at most 2n
different boundaries. Moreover, the set
B = {p ∈ M : p lies on 2n different boundaries}(2.5)
consists of finite points.
Let h : [0, 1]→ [0, 1] be the smooth function h(t) = exp(−1/t2).
Let gTM be any metric on TM . For each Uα, let rα be the normal geodesic coordinate
near ∂Uα. Let ρα ∈ C∞(M) be such that
ρα = h (rα)(2.6)
near ∂Uα, Supp(ρα) ⊆ Uα and
ρα > 0 over Uα.(2.7)
The existence of ρα is clear.
For any function or a smooth form ρ on M , we use the same notation ρ to denote its
lift pi∗ρ.
1The ordering of Uα’s, while arbitrary, will play an important role in what follows.
2It is easy to see that such a transversal open covering always exists.
5For any p ∈ B, set Up = ∩p∈UαUα. Then there exists a (sufficiently small) open
neighborhood Wp of p ∈ M with W p ⊂ Up such that for any different p, q ∈ B, one has
W p ∩W q = ∅.
Remark 2.1. For any p ∈ B, let Uα1 , · · · , UαNp , with α1 > · · · > αNp, be the open
coordinate charts containing p. Without loss of generality, we assume that ρα1 , · · · , ραNp
equal to 1 onWp. Also, we denote by Uβ1 , · · · , Uβ2n , with β1 > · · · > β2n, the open coor-
dinate charts such that ∂Uβ1 , · · · , ∂Uβ2n intersect at p. Moreover, by making Wp small
enough, we may well assume thatW p∩Uα = ∅ for any α /∈ {α1, · · · , αNp , β1, · · · , β2n}.
As a final notation, we set
B+ = {p ∈ B : β2n > α1} .(2.8)
The following proposition will be proved in Section 2.4.
Proposition 2.2. For any p ∈ B+, there is a sufficiently small open neighborhood
Vp ⊂ Wp of p such that for any φ ∈ C∞(M) supported in Vp with φ = 1 near p, the
following limit exists,
νp = lim
T→+∞
∫
F
φ
2n∏
i=1
(
dρβiT
βi
4pi
2n∑
j=1
d
(
yjβi
)2)
exp
(
−
2n∑
i, j=1
ρβiT
βi
(
yjβi
)2 − T α1 2n∑
j=1
(
yjα1
)2)
.
(2.9)
Remark 2.3. The local index νp in (2.9) depends essentially only on the correlations
between
∑2n
j=1(y
j
α1)
2 and
∑2n
j=1(y
j
βi
)2, i = 1, · · · , 2n. For example, if there exist constants
ai (i = 1, · · · , 2n) such that
2n∑
i, j=1
ai
(
yjβi
)2
=
2n∑
j=1
(
yjα1
)2
(2.10)
on pi−1(p), then νp = 0. This fact might be of help when studying affine manifolds.
We can now state our main result as follows.
Theorem 2.4. The following identity holds,
〈e(F ), [M ]〉 =
∑
p∈B+
νp.(2.11)
Theorem 2.4 will be proved in Section 2.5.
Remark 2.5. The Milnor example mentioned earlier shows that the index νp can be
nonzero. On the other hand, the sum in the right hand side of (2.11) looks mystic.
While it should be related to the Cˇech cohomology (at least in the case of F = TM), it
depends on the ordering of the coordinate charts Uα’s. If one changes the ordering, then
the set B+ changes. This sounds interesting and deserves further study.
62.2. Superconnections and flat vector bundles. In what follows, for clarity, we will
decorate elements in pi∗Λ∗(F ∗) with a ·̂ notation.
Define on pi−1(Uα) that
Ŷ =
2n∑
k=1
ykα
∂̂
∂ykα
∈ Γ (pi∗F ) .(2.12)
Then Ŷ is a well-defined canonical section of pi∗F over the total space F of F .
For any T > 0, let η̂T ∈ Γ(pi∗F ∗) be defined by
η̂T =
N∑
α=1
ραT
α
∑
k
ykα d̂y
k
α.(2.13)
Remark 2.6. For any T > 0, if we give F the Euclidean metric defined by
gFT =
N∑
α=1
ραT
α
∑
k
(
dykα
)2
,(2.14)
then η̂T is the metric dual of Ŷ (with respect to pi
∗gFT ).
Set as in (1.1) that
cT
(
Ŷ
)
= η̂T ∧ −iŶ .(2.15)
Then cT (Ŷ ) acts on (pi
∗Λ∗(F ∗))|Y . Moreover, one has
|Y |2gF
T
= −cT
(
Ŷ
)2
=
∑
α, k
ραT
α
(
ykα
)2
.(2.16)
For any T > 0, let AT be the superconnection on pi
∗Λ∗(F ∗) defined by
AT = pi
∗∇Λ∗(F ∗) + cT
(
Ŷ
)
.(2.17)
By Corollary 1.2, one has
〈e(F ), [M ]〉 =
(
1
2pi
)2n ∫
F
trs
[
exp
(
A2T
)]
.(2.18)
We need to compute
∫
F
trs[exp(A
2
T )], which does not depend on T > 0.
From (2.12), (2.13) and (2.15)-(2.17), one has
(2.19) A2T =
[
pi∗∇Λ∗(F ∗),
∑
α, k
ραT
αykαd̂y
k
α − iŶ
]
− |Y |2gF
T
=
∑
α, k
T α
(
dραy
k
αd̂y
k
α + ραdy
k
α d̂y
k
α
)
−
∑
k
dykα ⊗ i ∂̂
∂ykα
− |Y |2gF
T
.
7Set on each pi−1(Uα) that
d̂V =
∑
k
d̂ykα
∂
∂ykα
.(2.20)
Clearly, d̂V is well-defined over F .
From (2.16), (2.19) and (2.20), one has
A2T =
1
2
dH d̂V
(
|Y |2gF
T
)
+
∑
α, k
T αραdy
k
α d̂y
k
α −
∑
k
dykα ⊗ i ∂̂
∂ykα
− |Y |2gF
T
.(2.21)
Set
B2T =
1
2
dH d̂V
(
|Y |2gF
T
)
−
∑
k
dykα ⊗ i ∂̂
∂ykα
− |Y |2gF
T
.(2.22)
By (2.21), (2.22), [2, Proposition 4.9] and a simple degree counting along vertical
directions, one sees that
trs
[
exp
(
A2T
)]
= trs
[
exp
(
B2T
)]
.(2.23)
By (2.20), (2.22) and [2, Proposition 4.9], we see that if we exchange d̂ykα and dy
k
α, we
get the same supertrace of exp(B2T ). Thus, we have
(2.24) trs
[
exp
(
B2T
)]
=
{
exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)}(4n)
trs
[
exp
(
−
∑
k
d̂ykα i ∂̂
∂ykα
)]
=
{
exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)}(4n)
.
From (2.18), (2.23), (2.24) and a simple transgression argument, one gets
Proposition 2.7. For any Euclidean metric hF on F , one has
〈e(F ), [M ]〉 =
(
1
2pi
)2n ∫
F
exp
(
1
2
dHdV |Y |2hF − |Y |2hF
)
.(2.25)
2.3. The analysis outside of B+. We continue to work with g
F
T .
Proposition 2.8. For any p ∈ M \ B+, there is an open neighborhood Vp of p in M
such that for any smooth function f ∈ C∞(M) supported in Vp, one has
lim
T→+∞
∫
F
f exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)
= 0.(2.26)
8Proof. By (2.3) and (2.16), one has
1
2
dHdV |Y |2gF
T
=
∑
α, k
dραT
αykαdy
k
α.(2.27)
Thus, one has
exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)
=
∏
α
(
1 + dραT
α
∑
k
ykαdy
k
α
)
exp
(
−|Y |2gF
T
)
.(2.28)
For simplicity, we denote
hα =
∑
k
(
ykα
)2
.(2.29)
Take p ∈ M . We assume that among {Uα}Nα=1, there are exactly Np elements Uαi ,
with α1 > · · · > αNp, containing p.
If p does not lie on any boundary of Uα’s, then from (2.28) and (2.29), one has{
exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)}(4n)
=
∑
{αij }
2n∏
j=1
(
dραijT
αij
dhαij
2
)
exp
(
−|Y |2gF
T
)
(2.30)
near pi−1(p), where αij runs through αi, 1 ≤ i ≤ Np. Each αij appears at most once in
a product. Moreover, by (2.7) and (2.16), one has near pi−1(p) that
|Y |2gF
T
≥ 1
2
ρα1(p) T
α1
∑
k
(
ykα1
)2
,(2.31)
where ρα1(p) > 0. From (2.31), one sees that there is an open neighborhood Vp of p ∈M
such that for any f ∈ C∞(M) supported in Vp, when T >> 0,∣∣∣∣∣
∫
F
f
2n∏
j=1
(
dραijT
αij dhαij
)
exp
(
−|Y |2gF
T
)∣∣∣∣∣ = O
(
2n∏
j=1
T αij−α1
)
= O
(
1
T n(2n−1)
)
.(2.32)
Formula (2.26) follows from (2.30) and (2.32).
We now assume that p lies on the boundaries of some Uα’s. To be more precise, we
assume that p lies on the boundaries of {Uβi}Mpi=1 with β1 > β2 > · · · > βMp. Then by
(2.28), the terms we need to consider, near pi−1(p), are of the form
k∏
h=1
(
dρβihT
βihdhβih
) 2n−k∏
j=1
(
dραijT
αij dhαij
)
exp
(
−|Y |2gF
T
)
.(2.33)
For simplicity, we assume that βi1 > · · · > βik and αi1 > · · · > αi2n−k .
9By (2.16), there exists constant c1 > 0 such that one has, near pi
−1(p),
|Y |2gF
T
≥ c1
(
k∑
j=1
ρβijT
βij + ρα1(p) T
α1
)∑
l
(
ylα1
)2
.(2.34)
From (2.34), one sees that there exists constant C1 > 0 such that when T >> 0, the
following formula holds near p ∈M ,
(2.35)
∣∣∣∣∣
∫
F/M
k∏
h=1
(
dρβihT
βihdhβih
) 2n−k∏
j=1
(
dραijT
αij dhαij
)
exp
(
−|Y |2gF
T
)∣∣∣∣∣
≤ C1
∣∣∣∣∣∣∣
∏k
h=1
(
dρβihT
βih
)∏2n−k
j=1
(
dραijT
αij
)
(∑k
j=1 ρβijT
βij + ρα1(p)T
α1
)2n
∣∣∣∣∣∣∣ ,
where for a form Fdvol, we use the notation |Fdvol| = |F |dvol, and |Fdvol| ≤ |Gdvol|
means |F | ≤ |G|.
Recall that the boundaries of Uβih ’s intersect transverally to each other.
Since the function h used in the definition of ρα’s in (2.6) is increasing, one has
(2.36)∣∣∣∣∣∣∣
∏k
h=1
(
dρβihT
βih
)∏2n−k
j=1
(
dραijT
αij
)
(∑k
j=1 ρβijT
βij + ρα1(p)T
α1
)2n
∣∣∣∣∣∣∣ ≤
∣∣∣∣∣
k∏
h=1
dρβihT
βih
ρβihT
βih + ρα1(p)T
α1
·
2n−k∏
j=1
dραijT
αij
ρα1(p)T
α1
∣∣∣∣∣
=
∣∣∣∣∣
(
k∏
h=1
d log
(
ρβih + ρα1(p)T
α1−βih
))
·
2n−k∏
j=1
dραijT
αij
ρα1(p)T
α1
∣∣∣∣∣ .
It is easy to see that for a > 0 sufficiently small and T >> 0, the integration (for each
1 ≤ h ≤ k) along 0 ≤ rβih ≤ a of d log(ρβih + ρα1(p)T α1−βih ) is of O(log T ) (resp. O( 1T ))
if βih > α1 (resp. βih < α1). Also, if k ≤ 2n − 2, then one has that, in view of (2.32),
when T ≥ 1,
2n−k∏
j=1
T αij
T α1
≤ 1
T
.(2.37)
From (2.35)-(2.37), one finds that if α1 > βik or if k ≤ 2n − 2, then there exists a
sufficiently small open neighborhood Vp of p ∈ M such that for any smooth function
f ∈ C∞(M) supported in Vp,
lim
T→+∞
∫
F
f
k∏
h=1
(
dρβihT
βihdhβih
) 2n−k∏
j=1
(
dραijT
αij dhαij
)
exp
(
−|Y |2gF
T
)
= 0.(2.38)
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We need only to consider the case of k = Mp = 2n− 1 with β2n−1 > α1, and the case
of Mp = 2n. For the case of k =Mp = 2n− 1 and β2n−1 > α1 in (2.33), if αi1 < α1, then
by (2.36) one still gets (2.38). Thus, we need only to deal with the term
(2.39)
2n−1∏
h=1
(
dρβhT
βhdhβh
)
(dρα1T
α1dhα1) exp
(
−|Y |2gF
T
)
= dV
(
2n−1∏
h=1
(
dρβhT
βhdhβh
)
ρ−1α1 dρα1 exp
(
−|Y |2gF
T
))
−
2n−1∏
h=1
(
dρβhT
βhdhβh
)
ρ−1α1 dρα1
(
Np∑
i=2
ραiT
αidhαi
)
exp
(
−|Y |2gF
T
)
,
from which and the Stokes formula, we still get (2.38) via (2.36).
For the case of Mp = 2n, by Remark 2.1 one has ραj = 1 (j = 1, ..., Np) near p ∈ M .
Thus one may assume k = 2n. Since β2n(p) < α1(p), (2.38) follows from (2.36).
Thus (2.38), which implies (2.26), holds for p /∈ B+. 
2.4. Proof of Proposition 2.2. We now suppose p ∈ B+. Recall that p is an inter-
section point of {∂Uβi}2ni=1 with β1 > · · · > β2n, and that p lies in the open coordinate
charts {Uαj}Npj=1 with α1 > · · · > αNp. Moreover, β2n > α1.
For brevity, we set the notation on pi−1(Wp) that
|Y |2T =
2n∑
i=1
ρβiT
βihβi + T
α1hα1 .(2.40)
Let 0 ≤ φ ≤ 1 be a smooth function on M such that Supp(φ) ⊂ Vp where Vp ⊂ Wp
is a sufficiently small open neighborhood of p, and that φ equals to 1 near p ∈ M . We
need only to prove that the following limit exists,
lim
T→+∞
∫
F
φ
2n∏
j=1
(
dρβjT
βjdhβj
)
exp
(−|Y |2T ) .(2.41)
For any T > 0, set
γT =
∂
∂T
∫
F
φ
2n∏
j=1
(
dρβjT
βjdhβj
)
exp
(−|Y |2T ) .(2.42)
Lemma 2.9. When T > 0 is very large, one has
γT = O
(
(log T )2n−1
T 2
)
.(2.43)
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Proof. Set on any pi−1(Uα) that iY =
∑
k y
k
α i ∂
∂ykα
, which does not depend on α. Then one
has (
dH − iY
)2
= 0.(2.44)
For any 1 ≤ α ≤ N , one verifies that(
dH − iY
)
(ραdhα) = dραdhα − 2 ραhα.(2.45)
By (2.40), (2.42), (2.44), (2.45) and the Stokes formula, one has
(2.46) γT = 2
2n ∂
∂T
∫
F
φ
2n∏
i=1
(
e(d
H−iY )(ρβiT
βidhβi/2)
)
e(d
H−iY )Tα1dhα1/2
=
22n−1
T
∫
F
φ
(
dH − iY
)(( 2n∑
i=1
βiρβiT
βidhβi + α1T
α1dhα1
)
·
(
2n∏
i=1
e(d
H−iY )(ρβiT
βidhβi/2)
)
e(d
H−iY )Tα1dhα1/2
)
= − 1
T
∫
F
dφ
(
2n∑
i=1
βiρβiT
βidhβi
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T)
− α1
T
∫
F
dφ T α1dhα1
(
2n∑
i=1
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T )
=
1
T
∫
F
dφ T α1dhα1
(
2n∑
i=1
βi
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T )
− α1
T
∫
F
dφ T α1dhα1
(
2n∑
i=1
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T ) ,
where the last equality follows from a vertical transgression argument (cf. (2.39)).
For any q ∈ Supp(dφ), either one of ρβi(q) > 0, or one of ρβi’s vanishes near q. In the
former case, since βi > α1, by proceeding as in (2.36), one sees that there is a small open
neighborhood Vq ⊂ Wp of q such that for any f ∈ C∞(M) with Supp(f) ⊂ Vq, when
T > 1 is large enough, one has
(2.47)
∫
F
f dφ T α1dhα1
(
2n∑
i=1
βi
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T )
− α1
∫
F
f dφ T α1dhα1
(
2n∑
i=1
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T ) = O((log T )2n−1T
)
,
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while in the later case, by an easy vertical transgression argument, one has
(2.48)
∫
F/M
dφ T α1dhα1
(
2n∑
i=1
βi
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T )
− α1
∫
F/M
dφ T α1dhα1
(
2n∑
i=1
∏
j 6=i
(
dρβjT
βjdhβj
))
exp
(−|Y |2T) = 0
near q ∈M .
From (2.46)-(2.48) and a simple partition of unity argument, one gets (2.43). 
From (2.42) and Lemma 2.9, one sees that
(2.49) lim
T→+∞
∫
F
φ
2n∏
j=1
(
dρβjT
βjdhβj
)
exp
(−|Y |2T ) = ∫
F
φ
2n∏
j=1
(
dρβjdhβj
)
exp
(−|Y |2T=1)
+ lim
T→+∞
∫ T
1
γt dt
exists, which completes the proof of Proposition 2.2.
2.5. Proof of Theorem 2.4. First still assume that p ∈ B+. Recall that by Remark
2.1, one has that ραj = 1 (1 ≤ j ≤ Np) on Wp. Then one has near pi−1(p) that
|Y |2gF
T
=
2n∑
i=1
ρβiT
βihβi +
Np∑
i=1
T αihαi .(2.50)
We need only to deal with the term
lim
T→+∞
∫
F
φ
2n∏
i=1
(
dρβiT
βidhβi
)
exp
(
−|Y |2gF
T
)
,(2.51)
which is examined in the following lemma.
Lemma 2.10. The following identity holds,
(2.52) lim
T→+∞
∫
F
φ
2n∏
i=1
(
dρβiT
βidhβi
)
exp
(
−|Y |2gF
T
)
= lim
T→+∞
∫
F
φ
2n∏
i=1
(
dρβiT
βidhβi
)
exp
(−|Y |2T ) .
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Proof. From (2.40), (2.44), (2.45) and (2.50), one deduces that
(2.53)
φ
22n
2n∏
i=1
(
dρβiT
βidhβi
)
exp
(
−|Y |2gF
T
)
− φ
22n
2n∏
i=1
(
dρβiT
βidhβi
)
exp
(−|Y |2T)
=
{
φ
2n∏
i=1
(
e(d
H−iY )(ρβiT
βidhβi/2)
)
e−T
α1hα1
(
e(d
H−iY )
∑Np
i=2 T
αidhαi/2 − 1
)}(4n)
=
{(
dH − iY
)(
φ
2n∏
i=1
(
e(d
H−iY )(ρβiT
βidhβi/2)
)
e−T
α1hα1
(
Np∑
i=2
T αidhαi/2
)
e−
∑Np
i=2 T
αihαi − 1
−∑Npi=2 T αihαi
)
− dφ
2n∏
i=1
(
e(d
H−iY )(ρβiT
βidhβi/2)
)
e−T
α1hα1
(
Np∑
i=2
T αidhαi/2
)
e−
∑Np
i=2 T
αihαi − 1
−∑Npi=2 T αihαi
}(4n)
.
From (2.40), (2.45), (2.53) and the Stokes formula, one gets
(2.54)
∫
F
φ
2n∏
h=1
(
dρβhT
βhdhβh
)
exp
(
−|Y |2gF
T
)
−
∫
F
φ
2n∏
h=1
(
dρβhT
βhdhβh
)
exp
(−|Y |2T )
=
∫
F
dφ
(
2n∑
h=1
∏
i 6=h
(
dρβiT
βidhβi
))( Np∑
i=2
T αidhαi
)
e−
∑Np
i=2 T
αihαi − 1∑Np
i=2 T
αihαi
exp
(−|Y |2T ) .
Recall that α1 > αi for i ≥ 2. Also, for any t ≥ 0, one has
0 ≤ 1− e
−t
t
≤ 1.(2.55)
By (2.40), (2.54), (2.55) and proceeding as in (2.36), one gets (2.52). 
Now to prove Theorem 2.4, we choose a finite selection of Vp’s in Propositions 2.2
and 2.8 so that they form an open covering of M . Let {fVp}’s be a partition of unity
subordinate to this open covering. We assume that each p ∈ B+ is covered by only one
Vp on which fVp = 1 near p. Since B+ consists of finite points, the existence of such a
covering and partition of unity is clear.
Theorem 2.4 then follows from Propositions 2.2, 2.7, 2.8 and Lemma 2.10 as follows,
〈e(F ), [M ]〉 =
(
1
2pi
)2n∑
lim
T→+∞
∫
F
fVp exp
(
1
2
dHdV |Y |2gF
T
− |Y |2gF
T
)
=
∑
q∈B+
νq.(2.56)
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